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1 Introduction 


Different perturbative string theories with the same number of supersymmetries might be 
equivalent at the non-perturbative level [Q, |]. There is a conjectured duality between 

the heterotic string compactihed on x and the type IIA (IIB) string compactihed on 
K3 xT^ [|I|. Both theories have iV = 4 supersymmetry and 22 massless vector multiplets in 
four dimensions. In both theories the space of the moduli-held vacuum expectation values 
is spanned by 134 physical scalars, which are coordinates of the coset space |I|, ^ 


/SL{2,R)\ / SO(6,6 + r) \ 

1/(1) ^ X ^0(6 + r)^ ’ 


r = 16. 


( 1 . 1 ) 


On the heterotic side, the dilaton S'net = S' is in the gravitational multiplet, while on the 
type II side it is one of the moduli of the vector multiplets: S':: = T^, where is the volume 
form of the two-torus. Thus the duality relation implies an interchange between the helds 
of S and T manifolds the perturbative heterotic states are mapped to non-perturbative 
states of the type II theory and vice versa. Consequently, perturbative T-duality of the type 
II strings implies S'-duality of the heterotic string and vice versa. 

Several arguments support this duality conjecture. For instance, the anomaly cancellation 
of the six-dimensional heterotic string implies that there should be a one-loop correction to 
the gravitational term in the type II theory. Such a term was found by direct calculation 
in P] . Its one-loop threshold correction upon compactihcation to four dimensions |0 implies 
instanton corrections on the heterotic side due to hve-branes wrapped around the six-torus. 


Heterotic/type II dual pairs with lower rank (i.e. r < 16) and with iV = 4 supersym¬ 
metry, share properties similar to those just mentioned. The study of such theories and the 
determination of the heterotic non-perturbative corrections to the R^ terms were considered 
in 1^. Here we would like to extend this analysis for N = 2 heterotic/type II dual theories. 

In general (non-freely-acting) symmetric orbifolds still give rise to iV = 2 heterotic/type 
II dual pairs in four dimensions i, 0, HI. On the heterotic side they can be interpreted 
as K3 plus gauge-bundle compactihcations, while on the type II side they are Calabi-Yau 
compactihcations of the ten-dimensional type IIA theory. The heterotic dilaton is in a vec¬ 
tor multiplet and the vector moduli space receives both perturbative and non-perturbative 
corrections. On the other hand, the hypermultiplet moduli space does not receive perturba¬ 
tive corrections; if Y = 2 is assumed unbroken, it receives no non-perturbative corrections 
either. On the type II side the dilaton is in a hypermultiplet and the prepotential for the 
vector multiplets receives only tree-level contributions. The tree-level type II prepotential 
was computed and shown to give the correct one-loop heterotic result. This provides a quan¬ 
titative test of the duality P, and allows us to reach the non-perturbative corrections of 
the heterotic side. 


The purpose of this paper is to provide quantitative tests oi N = 2 heterotic/type II 
duality. Quantitative tests of non-perturbative dualities can be obtained by considering the 
renormalization of certain terms in the effective action of the massless helds. Extended super- 
symmetry plays an essential role in this since it allows the existence of BPS states that, be¬ 
ing short representations of the supersymmetry algebra, are (generically) non-perturbatively 


1 






stable and provide a reliable window into non-pertnrbative physics. There are terms in the 
effective action, the conplings of which can be shown to obtain contribntions only from BPS 
states. The relevant strnctnres for this analysis are helicity snpertrace formnlae, which distin- 

in 


gnish between various BPS and non-BPS states 


For (A^ = 2)-supersymmetric 


models, these supertraces appear in particular in the two-derivative terms or in a spe¬ 
cial class of higher-order terms constructed out of the Riemann tensor and the graviphoton 
field strength [^. In the four-dimensional heterotic string, these terms are anomaly-related 
and it can be shown that they receive only tree-level and one-loop corrections. In higher 
dimensions, they receive no non-pertnrbative correction . 

In this paper we investigate the non-pertnrbative equivalence of some heterotic/type II 
dual pairs with N = 2 supersymmetry. The perturbative heterotic scalar manifolds are 


SU{IA) 


X 


SO{2,2 + Nv) 


and 


^0(4,4 +AT, 


H 


( 1 . 2 ) 


f/(l) S0(2) X SO(2 + Nv) S0(4) x S0(4 + N„) 

for moduli in the vector multiplets and hypermultiplets, respectively f]. On the type II side, 
the models under consideration correspond to self-mirror Calabi-Yau threefolds with Hodge 
numbers = Ny -|- 3 = + 3, which are K3 fibrations, necessary condition for 

the existence of heterotic duals Big. 

In Section ^ we examine the N = 2 type II models with Ny = Nh = 8, 4, and 2, 
which are particular examples of Z 2 x Z 2 symmetric orbifolds. A detailed and complete 
classification of such orbifolds will appear in [^. The models with = 7 and 5 provide 
new constructions, while the one with = 11 was already considered in the literature 
[p!^ , It is reconsidered here since, as we will see, our choice of the terms is not exactly 
the one taken previously. We derive the perturbative type II R^ corrections and point out 
several properties that connect the K3 fibrations and the spontaneous breaking of the N = 4 
to the N = 2 supersymmetry. 

In Section ^ we construct the heterotic duals. The construction is performed in a unified 
formalism for all values of Ny. Particular attention is payed to the singularities arising 
along various lines in the (T, U) moduli space, where extra massless states appear. This 
analysis serves as a guideline in the determination of an operator on the heterotic side that 
reproduces the R^ term already considered in the type II side. This is achieved in Section 
where it is precisely shown that indeed there exists a universal, holomorphic and modular- 
covariant operator Qg^av! coupling constant receives perturbative corrections, regular at 
every point of the two-torus moduli space. This enables us to check the heterotic/type II 
duality conjecture at the perturbative and non-pertnrbative level. 

Our conclusion and comments are given in Section |^. 


^In the models under consideration, Ny and Nh are the number of vector multiplets and hypermultiplets, 
respectively, which on the type II construction are originated from the twisted sectors. The total number of 
those are Ny + 2 and Nh + 4 for heterotic constructions, Ny -|- 3 and Nh + 3 in the type II cases. These 
numbers neither include the vector-tensor multiplet present in heterotic models, which is dual to a vector 
multiplet, nor the tensor multiplet of the type II ground states dual to a hypermultiplet. 
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2 Type II reduced-rank models and gravitational corrections 

2.1 Construction of the reduced-rank models 


a) The Ny = Nh = 8 model 

We start by considering the N = 2 type 11 model with Ny = Nh = 8. This model is 
obtained by compactihcation of the ten-dimensional superstring on a Calabi-Yau threefold 
with = 11 0. It can be constructed in two steps. We start with the type 11 

N = 4 supersymmetric model dehned by i^3 x compactihcation. The massless spectrum 
of this model contains the iV = 4 supergravity multiplet as well as 22 vector multiplets. For 
convenience, we will go to the T'^/Z2 orbifold limit of iF3, where it can easily be shown that 
the 6 graviphotons and 6 of the vector multiplets are coming from the untwisted sector, while 
the remaining 16 come from the twisted sector and are in one-to-one correspondence with 
the 16 hxed points of the Z 2 action. We then break the N = 4 supersymmetry to iV = 2 
by introducing an extra Z^ projection in which two of the coordinates are shifted; the 
remaining two coordinates of together with the two coordinates of are Z 2 -twisted. 

If we indicate by Z'if^ the projection that dehnes the T^/z‘2'^ orbifold limit of K 3 , and 
by Z2 the second projection dehned above, we can summarize the action of the two Z 2 ’s on 
the three complex (super-)coordinate planes as in Table 1; R indicates the twist, while T is 
a half-unit lattice shift. 


Orbifold 

Plane 1 

Plane 2 

Plane 3 


1 

R 

R 


R 

T 

RT 

^2 ^ ^2 

R 

RT 

T 


Table 1. The action of Z^'^ x on the T®. 

ff ) 

Since the translations on the second and third planes are non-vanishing, the Z 2 -operation 
has no hxed points and there are therefore no extra massless states coming from the twisted 
sectors; the massless spectrum of this model contains the N = 2 supergravity multiplet, 11 
vector multiplets (3 from the untwisted and 8 from the twisted sector), 1 tensor multiplet 
and 11 hypermultiplets (3 are from the untwisted sector and 8 from the twisted sector). 
The tensor multiplet is the type 11 dilaton supermultiplet, and it is equivalent to an extra 
hypermultiplet. 

The partition function of the model reads: 


yNv 

^11 


1 1 -pNv H°,H^ 

Im r |77|24 4 G\ 


2 a,b 

a 

b 

d 

1 1 

cs- S 
+ + 

0 0 , 

d 

a + iff 
b + G\ 

d 

'a-H° 

b-G° 

-iff 

-Gf 

2-1 

a 

b 

d 

a + H° 

b + G° 

d 

'a + iff 
6 + Gf 

d 

'a- 

b-G° 

-iff 

-Gf 


( 2 . 1 ) 
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with 


■pNY=S 

^ 6,6 


'H°, 


= r 


(1) 

2,2 


'H^\Q 

GflO 


.( 2 ) 

2,2 


G^IGf 


p(3) 

2,2 


G° + Gf|Gf_ 


( 2 . 2 ) 


the contribution of the six compactihed left and right coordinates and X^, where (i?°, G°) 
refer to the boundary conditions introduced by the projection ^ 2 °^ and G^) to the 
projection Z®. Here we have introduced the twisted and shifted characters of a c = (2,2) 


block, r 2,2 


h\h' 

.g\g' 


the hrst column refers to the twist, the second to the shift. The non¬ 


vanishing components are the following: 


2,2 


1 

1 _ 



4|^|6 

N\9' . 



i+ti 

.!+(?. 




for {h\g') = (0,0) or {h',g') = {h,g) 


= r 


2,2 


for (h,g) = (0,0), 


(2,3) 


where r 2,2 g, is the Z 2 shifted (2, 2) lattice sum. The shift has to be specihed by the way it 
acts on the windings and momenta (such technical details can be found in various references, 
our conventions are those of pf). All the moduli of the type II compactihcation at hand 
are contained in expression ( p.2|) , which depends on the volume forms T^,T^,T^ and the 
complex-structure forms of the three tori. 


b) The Ny = Nfj = 4 model 

In order to construct models with lower rank, we start with the X = 4 ground state dehned 
above as the K 3 x compactihcation and then apply several Z2 freely-acting projections; 
each one of these projections removes half of the Z 2 °^-twisted vector multiplets without 
changing the Euler number of the compactihcation manifold, y = 2(h^’^ — h^’^) = 2(Xy — 
Xh) = 0, and leads therefore to models with Ny = Nh = 4 and 2. It is however important 
to stress that this procedure, already developed in X = 4 models [§], can be implemented 
provided we start from an orbifold point of the X3, namely from the X = 4 compactihcation 
manifold (T‘^/Z2°^'^ x T^. This choice is no longer dictated by convenience. 

The model with Ny = Nh = 4 is constructed by modding out an extra symmetry; 
the compactihcation manifold is therefore jZ^ ■ In order to describe the 

action of this projection, we choose special coordinates of the compact space, in terms of 
which the T* torus is described as a product of circles. There is then a symmetry 

generated by the elements D and D, which act on each S^/Z2 block as [pl[] : 

D : (cr+,cr_,I 4 j^ (a_, a+, (-)”^K J 

D : (a+, a_, Vnm) ^ (-a+, a_, (-)"I 4 ^), 

where cr+ and (j_ are the 2 twist helds of S^/Z2, and Vnm are the untwisted world-sheet 
instantons labelled by the momentum m and the winding n of the Ti i lattice. In the 
untwisted sector of T^/Z 2 °\ D and t) act as ordinary shifts on the Ti 1 sublattice of the r4 4. 

Orbifolding by the original {t^ xT^, we obtain an X = 4 ground state with a re¬ 
duced number of vector multiplets. The Z2 acts on the jZ^'^ part as a X-operation, while 
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it acts on as an ordinary shift. In the {^{t^/Z 2 ”’)x jZ 2 orbifold, the number of the 

Z 2 °^-twisted vector multiplets (16) is reduced to 8 by the extra Z 2 projection, without break¬ 
ing the iV = 4 supersymmetry further P]. To reduce iV = 4 to iV = 2 we perform a further 
orbifold by using Z 2 as in the Ny = Nh = 8 model above. The N = 2 ground state obtained 
in this way is a compactihcation on the manifold x j (^Z^ x Z^^ 

and has Ny = = 4. The massless spectrum consists, apart from the gravity and tensor 

multiplets, which include a graviphoton and a dilaton as before, of 7 vector multiplets (4 
coming from the twisted sector) and 7 hypermultiplets (4 twisted). 

The partition function based on is still given in Eq. (|2.1|) , but now with 


Y^Ny=A 

6,6 


77°, 77^ 
G°,G^ 


I ^ dll 

^ H,G 


H^H 


p(2) 

2,2 


■ 77 ° 177^77' 
G°\G^,G_ 


p(3) 

2,2 


■77° + 77f|77f 
G° + G^\G^\ ’ 


(2.5) 


where (77, G) correspond to the Z 2 -projection. We introduced the (2, 2) conformal blocks 


r2,2 

to s 


h\h' ,h" 
sb'is". 
lifts 


, where, as previously, (h, g) refer to the twist, while (h', g') and (h", g'‘ 
ong two circles of T^. The non-vanishing components are 


correspond 


T 


2,2 


h\h',h"' 



4 


9\9',9”_ 



l+h 

.1+9. 

1-1 

T T 

to 


for {h',g') = {h'',g'') = (0,0) or {h',g') = {h,g) {h'',g'') = (0,0) or {h',g') = (0,0) {h'',g'') = 
{h,g) or {h',g') = {h'',g'') = (h,c/), and 

r0|h',h" 


= T 


2,2 


h', h" 

9 ', 9 ” 


where r 2,2 


. 9 '>9". 


is the lattice sum of a {Z 2 x Z 2 )-twisted torus. 


c) The Ny = Nh = 2 model 

The model with Ny = Nh = 2 is obtained by modding out a further Z|^-symmetry, which 
acts on another circle of the first and the third torus: 


t^Ny=2 

^ 6,6 


■ 77 °, 77^' 


j i: i: rg 


'77^177, 77'' 

p{2) 

■ 77 ° 177^77' 

p{3) 

■ 77 ° + 77^177^, 77'' 

_G^G,G' 

1 2,2 

G°\G^,G 

1 2,2 

_G° + &\&,G' _ 


( 2 . 6 ) 


(notice that the two Z|^-projections commute). The resulting massless spectrum consists of 
the gravity and tensor multiplets plus 5 vector multiplets (2 from the twisted sector), and 5 
hypermultiplets (2 from the twisted sector). 


In all the above models, the realization of the N = 2 supersymmetry plays a key role in 
the search of heterotic duals, as we will see in Section ||. Indeed, by using the techniques 
developed in Refs. |^, |^, we can indeed show that these models actually possess a sponta¬ 


neously broken iV = 4 supersymmetry through a Higgs phenomenon, due to the free action 
of Z^'^. The restoration of the 16 supersymmetric charges (2 extra massless gravitinos) takes 
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place in some appropriate limits of the moduli according to the precise shifts in the lat¬ 
tices. It is accompanied by a logarithmic instead of a linear blow-up of various thresholds 
, ^ 1^, which is nothing but an infrared artifact due to an accumulation of massless 
states. These can be lifted by introducing an infra-red cut-off /r larger than the two grav- 
itino masses. The thresholds thus vanish as expected in the limit in which supersymmetry 
is extended to iV = 4 as m 3 / 2 //i —> 0 . 


13, 22 


2.2 Helicity supertraces and the corrections 


Usually string ground states are best described by writing their (four-dimensional) helicity- 
generating partition functions. Moreover, since our motivation is eventually to compute 
couplings associated with interactions such as R^, we need in general to evaluate amplitudes 

involving operators such as i (x^ d |p5|| , 


_^ 

where J is an appropriate right- 


moving current and the left-moving factor corresponds to the left-helicity operator (the 
right-helicity operator is the antiholomorphic counterpart of the latter). We will not expand 
here on the various operators of this kind, or on the procedures that have been used in 
order to calculate their correlation functions exactly (i.e. to all orders in a' and without 
infrared ambiguities ||^); details will be given in Section H, when analysing some specihc 
R? corrections for the heterotic duals of the models under consideration. Here we will 
restrict ourselves to the helicity-generating partition functions since these allow for a direct 
computation of perturbative type II R^ corrections. They are dehned as: 


z(K,e) = 


(2.7) 


where the prime over the trace excludes the zero-modes related to the space-time coordinates 
(consequently Z(n, n)|t,=i)=o = 'T 2 Z, where Z is the vacuum amplitude) and Q,Q stand for 
the left- and right-helicity contributions to the four-dimensional physical helicity. Various 
helicity supertraces are hnally obtained by taking appropriate derivatives of ( ^T|) : 


B2n — 


{q + q ) 


2n\ 

/ genus—one 
2n 


is obtained by acting on Z(n, v) with (5^ — d^) "■ at n = n = 0. 

For the models at hand (see Eq. (p.l|) ), after some algebra, (U reads: 


( 2 , 8 ) 


Afv 


ZNv^ 


ni 


= 


^(y) ^ ^ 6,6 

^ H°,G° Gf 


\v\' 


0 0 

- z^ 


(t')ZE 

■if°, iff 






(2.9) 


where Zf^ 


G°,Gt 


[v) and 


zl 


G°,Gf 


v) denote the contribution of the 8 left- and 8 right- 
moving world-sheet fermions 4/^ and 4/^ and are the 6 left- and 6 right-moving 

fermionic degrees of freedom of the six-dimensional internal space. The arguments v and v 
are due to and ^p'^. By using the Riemann identity of theta functions, one can perform 
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the summation over the spin structures with the result: 


Z 


F 

L 




(u) 


and 






1-H° 

1-G° 





'1 - iff 
1-Gf 


\2j 1 + G° + G^ 



Zr 


'H°, iff 
G°,G^ 


(v) 






1-H° 

1-G° 


f-) ti 

'1 - iff 


'1 + H° 

Tiff 

\2j 

_1 - G\ 

\2j 

1 

+ 

0 

+ Gf_ 


Finally 


sin TTV (0) 
71 'di(u) 



( 2 . 11 ) 


counts the helicity contributions of the space-time bosonic oscillators. 

A straightforward computation based on the techniques developed so far shows that 
^2 = 0 for all the models under consideration, as expected. Indeed, in all the N = 2 type II 
Z 2 X Z 2 symmetric orbifolds, B 2 can receive a non-zero contribution only from the N = (1,1) 
sectors of the orbifold ( see Ref. [|T^). The internal coordinates in these sectors are twisted; 
all corrections are therefore moduli-independent and are coming from the massless states 
only. One hnds B 2 = ^ 2 ! massless = A’y — Nh, which vanishes in all models we are considering 
here. 


On the other hand, B^ receives non-zero contributions from the N = (2, 2) sectors of the 
orbifold. We hnd Fl 


BNv-8 ^ p(l) ^ g 


E E 

i=2,3 {h,g) 


2,2 


0|h 

0\9 


( 2 . 12 ) 


BNy=4 


9r 


( 1 ) 

2,2 


sE'r 


(1) 

2,2 


+3E 

{h,g) 


{h,g) 

p(2) 

2,2 


01A 

0|^? 


+ 3E'r 


( 2 ) 

2,2 


{h,g) 


'0\h,0 

0\g,0 


0\h,h 


+ 2r® 


'0\h 

.01^. 


(2.13) 


BNv=2 



(2.14) 


The massless contributions are in agreement with the generic result of the N = 2 supergrav¬ 
ity: 

■ (2.15) 

^The prime summation over {h,g) stands for {h,g) = {(0,1), (1,0), (1,1)}. 
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We now turn to the actual computation of corrections. The four-derivative grav¬ 
itational corrections we will consider here are precisely those that were analysed in the 
framework of iV = 4 ground states of Ref. @]. On the type II side, there is no tree-level 
contribution to these operators, and the corrections are related to the insertion of the 
two-dimensional operator 2Q‘^Q in the one-loop partition function. In the models at hand, 
where supersymmetry is realized symmetrically and where, moreover, Ny = N^, the contri¬ 
bution of = ( 1 , 1 ) sectors to R 4 vanishes, and therefore (2Q‘^Q can be identihed with 
R 4 / 3 . The massless contributions of the latter give rise to an infrared logarithmic behaviour 
26ii log 1^, where is the type II string scale and is 


the infrared cut-off. Besides this running, the one-loop correction contains, as usual, the 
thresholds An, which account for the inhnite tower of string modes. 


The one-loop corrections of the R^ term are related to the infrared-regularized genus-one 
integral of R 4 / 3 . There is however a subtlety: in the type IIA string, these R^ corrections 
depend on the Kahler moduli (spanning the vector manifold), and are independent of the 
complex-structure moduli (spanning the scalar manifold): 


1 f d^T 

^t^Aiia = q / y- dTiBii , djji/S.iix = 0. (2.16) 

6 Jr Im r 

In the type IIB string, the roles of T* and t/® are interchanged: 

dui^im = Q / - dijiB4^ , c^T-iAnB = 0. (2-17) 

6 Jt Im r 

The above properties of Aha.b generalize the results of Ref. p, which are valid for the 
R^ corrections in A = 4 models with reduced-rank gauge group. They also account for 
the massless contribution fen log being half the infrared-regularized massless 

contribution of the integral of B^/S over the fundamental domain. 

In order to perform the integration, we have to specify what the translations induced by 
zP, Z 2 and Z 2 ' are. For dehniteness we will choose the same half-unit shifts on momenta 
for all three complex planes: the hrst shift {Z 2 ) will act on the hrst momentum (insertion 
of (—1)"®! in the Rh plane); the second shift {Z 2 or Z 2 , when necessary, as in models (4,4) 
and (2,2)) will act on the second momentum (insertion of (— 1 )”® 2 ). Given this choice, the 
hnal result for the running now reads: 


16 TT^ 

^grav(h^“^) 


3 Ay, 

—‘°g Af(-) 



Ay\, pWlmT^ 

M(-) 



4 


-2 log 


pW ImT2 
MT) 


(T2)p-21og 


p(n) 

Mdh 


■(94 -|- const. (2.18) 


Expression (|2.18| ) deserves several comments: 

(i) The shifts on the T ^*2 lattices break the SL{2, Z)rpi duality groups. The residual 
subgroup depends in fact on the kind of shifts performed (see Refs. [|, 

(ii) The SL{2, Z)t^ remains unbroken only in the model with Ay = Nh = 8; in the other 
situations all SL{2, Z)rpi are necessarily broken for all i = 1, 2, 3. 































(iii) The iV = 4 restoration limit corresponds to T^,T^ —> cx). For the specihc choice of 
translations we are considering, the mass of the 2 extra gravitinos is given by: 


4 ImT2 Im f/2 ^ 4 ImT3 Im ^ ’ 


4ImT2Imf/2 ^ 4IniT2 ^ 4ImT3Im[/3 


+ 


Im t/2 


+ 


, forAry = 4 


and 


^ 1/2 


1 


Im t/2 
+ ^ + 


4ImT2lmf/2 4ImT2 AlmTHmU^ AlmT^ 


Imf/3 ^ 

+ — -, for A^y = 2 , 


(2.19) 

( 2 . 20 ) 

( 2 . 21 ) 


Owing to the effective restoration of = 4 supersymmetry in this limit, there is no linear 
behaviour either in ImT^ or in ImT^; the remaining contribution is logarithmic: 


16 TT^ 


-> —2 log ImT^ — 2 log ImT^ . 

ImT2,ImT3^oo 


( 2 . 22 ) 


(iv) The threshold corrections diverge linearly in the large ImT^ limit. 


16 7r2 


7iNi 


V 


g2 

^grav 


(pT)) 


ImT^^oo 4 


ImT^ 


2 + ^) log ImT^T 


9.^ 


log- 


(ii) 


/i 


(2.23) 


Observe that the coefficients of the linear and logarithmic term have a different dependence 
on Ny. The coefficient of the third term, 6 + is actually i? 4 / 3 , while that of the second 
term, 2 + is (B 4 — 66 grav) /3, where by B 4 we actually intend the massless contribution 
i? 4 La.ssiPss given in Eq. (12.151): bp^ 


2 , ^^gravj 

to this quantity: il 4 |massiess given in Eq. (|2.15|) ; fegrav is the “gravitational beta-function”, 
bgrav = (24 — Ny + Nff)/12, as computed in held theory. Notice that in general, when 
Ny 7 ^ Nff, the relevant quantities that appear in the above corrections are: 


B4 — Bo 


2(^grav 2 


5Ny + N, 


H 


12 


and = 6 + (2.24) 


where by B 4 and B 2 we intend, as before, the massless contribution to these quantities 

( B2 I massless A^V ) • 

(v) Under T® W interchange, we obtain the results of a mirror type IIB model. 


3 Heterotic duals 

3.1 Outline 

Our scope is now to determine the heterotic duals of the type II ground states with Ny = 
8 ,4, 2 discussed in the previous section. In view of this construction, some basic properties 
and requirements have to be settled, namely: 

(i) The N = 2 heterotic models must have the same massless spectrum as their type II 
duals. 
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(ii) The type II dual of the heterotic dilaton S'net is one of the type IIA(B) moduli, 
Td, and belongs to a vector multiplet. Thus, the perturbative heterotic limit (^Het large) 
corresponds in type II to the limit of large Tp. This implies the identihcation of Tp with 

in our type IIA constructions. 

(iii) The N = 2 heterotic ground state must describe a spontaneously broken phase of an 
A^ = 4 model. The limit in which the A^ = 4 is restored corresponds to large perturbative 
type IIA vector-multiplet moduli T^,T^ (see Eqs. (|2.19|) - (|2.21|) and (|2.22|) ). Therefore, we 
must identify the and of type IIA with two perturbative moduli of the heterotic duals, 
Tnet and f/net- 

(iv) On the type II side, the T-duality group is a subgroup of 


SL{2, Z)ti X SL{2, Z)t2 x SL{2, Z)t^ . (3.1) 

Moreover, the duality symmetries of = S'net translate into the non-perturbative instanton- 
duality properties on the heterotic side, while the symmetries of the moduli = Tnet 
and = f/net appear in the heterotic duals as perturbative T-duality symmetries. These 
properties can be summarized as follows: 

type IIA: ST(2, Z)ti , ST(2, Z)t2 x ST(2, Z)t^ 

I \ (3.2) 

heterotic: ST(2, Z)s , ST(2, Z)t x ST(2, Z)u , 


where the ST(2, Z)’s can be broken to some r(2) subgroups. 

On the heterotic side, the general expression for the helicity-generating function of Z 2 
orbifold models is 

i{v)i{v) 1 


met' 


n, n = 


H- 


2 ^ 


Nv 

22 



7 F 


Gf 






(3.3) 


where Zj^ 


v) is the contribution of the 8 left-moving world-sheet fermions in 

the light-cone gauge (see ( p.lO|) with H° = G° = 0) and accounts for the (6,22) 

compactihed coordinates. In order to allow for a comparison with the type II orbifolds, the 
r2,2(7", U) shifted lattice needs to be separated. It is also necessary to choose special values 
of the remaining Wilson-line moduli, T}, I = 1,..., Ny of the T2^2 +Nv lattice, which break 


the gauge group to U{1) factors. At such points, Zq 22 fakes the following form: 


yNv 

X'6,22 


iff 

Gf 


2n+l 


E 


2,2 


'H^,h 

.G/9. 

£ 4,4 

'Hph] 

riff, 7, hi 

$ 

'iff, 7, h 

r/|4 

GO 

[G^,S,g\ 



(3.4) 


D 


where (h, g) denote either the values of the Wilson lines or the heterotic duals of the Z 2 
operations; n is the number of projections (dimension of the vectors {h,g)) needed to reach 
the correct Ny. The specihc lattice shifts dehne the modular-transformation properties 
of the multi-shifted two-torus lattice sum r 2,2 

properties of the <h’s in order to lead to the proper modular-covariance properties of Zq 22 

Taking into account the above considerations, we will now construct the heterotic duals 
of the various reduced-rank type II models. 


, and must £t with the transformation 
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3.2 Construction of the heterotic reduced-rank models 


a) The Ny = Nh = 8 model 

Our starting point is the = 4 heterotic ground state obtained by compactification on 
X and its type II dual on K3 x T^. In order to reduce the = 4 supersymmetry 
to A^ = 2 we must define an appropriate Z 2 freely-acting orbifold, which simultaneously 
reduces by a factor of 2 the rank of the gauge group. 

/fj 

To properly define the Z 2 action, we work at a point of the moduli space where the 
Eg X Eg gauge group is broken to x S'[/(2)^^2^^ ~ S'(9(4)^^^. This point is 

reached by switching on appropriate Wilson lines of the ( 6 , 22) lattice. The action of Z^ 
then amounts to (i) a translation on T^, which produces a half-unit-vector shift in the ( 2 , 2 ) 
lattice; (ii) a Z^ symmetric twist on T^, which breaks the A^ = 4 supersymmetry to A^ = 2; 
(iii) a pair- wise interchange of SU{2Y^^ with SU{2)^'^\ 

We can give an explicit expression for the partition function of this orbifold by using the 
following 50(4) twisted characters: 


El 


7 , h 

1 ^ 1/2 

h + hi 

191/2 

7 ha 

191/2 

7 + ^3 

191/2 

_S,9_ 


s + 91. 


5 + 92_ 


5 93_ 



7 - hi - ha - hs 
^ — 9i ~ 92 — Qd, 


and 


7,h 

= 4 f 

7 

191/2 

7 hi - ha 

191/2 

7 -h ha - h 3 

191/2 

7 h 3 - hi 

S,9_ 

1^2 

6 


_S + 9i- 92_ 


_S + 92 - 93_ 


_S + 93- 9i_ 


(3.5) 


(3.6) 


where we introduced the notation (valid all over the paper) h = (hi, ha, hg) and similarly for 
g. Under r —> r -|- 1, T} transform as: 


El 


7 , h 

— > 

7 , h 

_5,9_ 

' 1 

y + 6 + l,h + g_ 


%7T 2 \ 

X exp —f — — 47 -|- 27 ^ -1- hi -1- h 2 -l- h 3 -|- hi ha -|- hah 3 -1- hghij 


(3.7) 


Fa 


7 , h 

—> Fo 

7,h 

S,g_ 

^ 2 

y + S + l,h + g_ 


tTT / 2 \ 

X exp — — f - - 47 27 ^ hihihi - hiha - hah 3 - hghij . (3.8) 


Notice that F/ are c = (0,2) conformal characters of 4 different right-moving Isings. In 
the fermionic language this is a system of 4 right-moving real fermions with different 
boundary conditions. All currents are twisted and therefore the initial 50(4) 

is broken. On the other hand, when F/ is raised to a power n, the gauge group becomes 
50(n)^: 


7 , h 
^9 


SO{ny 


(3.9) 
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In this framework, the partition fnnction of the model with Ny = = 8 is given by 


and (|3.4|) , with and <I>^ expressed in terms of combinations of Fi 


'y,h 


and Fo 


7,h 

.<5,9. 


$ 


V 


T..C; 

A 

1 _ 

71 

to 

1 

A 

1 _ 

Fo 

1 - 

A 

1 _ 

_S, g_ 

i 

_S,g_ 

2 

_S,g_ 


(3.10) 


(no dependence on which leads to a gronp Q G = and therefore Ny = 8, 

whereas 


$ 


H 




= F, 


F,g 


Fi 


'i + i/f, h 

5' + &,g 


y,h 

F,g 


i + H\ h 
S' + G^, g 


(3.11) 


leading to = 8 (here h = (hi, h 2 , hs, ^4) = (h, ^4), g = (s'!, 5'2,5'3,5'4) = {g,gi) and 
( 7 ', S') = (7 + ^ 4 , h + g^)). For this model, we must use the simply-shifted (2, 2) lattice sum 
, where the shift is asymmetric on one circle 5^, projection (—j(™- 2 -i-n 2 )Gf^ order 


2,2 


to cancel the phase of under modular transformations (this projection was referred 

to as “XIII” in Ref. [M|, where the various lattice shifts were discussed in detail). On the 
other hand, the hi shifts in r 4^4 must be symmetric: (— 

An alternative construction is obtained by shifting with {H^,G^) two U{1) factors in G: 


$ 


V 



= 

7 + hi + iff 


7 + ^2 

t9 

7 + ^3 


Gf, S,g 

rf 

S + gi + G^_ 


_S + g 2 _ 


_S + gs 



7 • 


xi9 


7 - iff 
S-G^ 




7 + hi - h2 
S + gi-g2 




7 ha - hs 

S + g2 — gs 




hi - ha - hs 

gi — g2 — gs 

7 hg - hi 
S + gs-gi 


. (3.12) 

J i<J-^g3-gij 

The (2,2) lattice is now double-shifted, and the lattice sum Fag is given with the 

insertion (—Both models, with and have the same iV = 4 sector (defined 
by (ff^, G^) = (0, 0), whose contribution is half the partition function of an iV = 4 model in 
which the gauge group Fg x Fg is broken to In the N = 2 sectors, G^) 7 ^ (0, 0) 

and {hi,gi) are either (0,0) or {H^,G^). This constraint comes from the (ii^, G^)-twisted 
sector of F 4 4 . 

As a consistency check, we can now proceed to the computation of the helicity supertrace 
B 2 . The (A^ = 4)-sector contribution to this quantity vanishes. For the model constructed 
with (Eq. (|3.iq )) we find: 


B 2 (<F'") 


E'r^ 


"'A=l 

724 ^ ^ 2,2 


iff 


Q 


iff 


(3.13) 


^Observe that the right moving gauge group is systematically F(l)^ x G. 
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where 


are the following analytic functions Q: 

Q 

Q 

Q 


O' 

— 

1 

16 

o' 

= - — 

_1 

16 

o' 

— 

1 

16 


(3.14) 


the lattice sum r 2 2 ^ 


corresponds to the projection (—)("* 2 +"- 2 )Gf Q^i^tice “XIII”). 


For the model constructed with (Eq. (|3.12|) ) we hnd instead: 
B 2 


.^24 ^ ^ O 


pA=0 

2,2 


H^' 

Gf 






I pA=l 

2,2 






G^ 


(3.15) 


where in this case 




and 




i {0t + ^1) Hi # 

(^* + ^5) HlH 


(3.16) 










(3.17) 


The lattice sums F^ 2 ° 


and F 2 2 ^ 


correspond to simply-shifted lattices with projections 

respectively (—^_ym 2 +n 2 )Gf they are referred to respectively as “II” and 

“XIII”). 

It is easy to check that, in both constructions, the massless contribution to the B 2 
vanishes, as it should for models where Ny = Nh- 

'^The parameter A, which takes the values 0 or 1, determines the phases appearing in the modular 
transformations of the shifted lattice sums. Under modular transformations, the functions U acquire phases 
that are complementary to those coming from the lattice [^f] that appears in ( 3.13 ). This ensures that 
the spin connection is correctly embedded. Similarly the and UF)’s in ( [3.15 ) are respectively of type 

A = 0 and A = 1. 
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b) The Ny = Nh = 4: heterotic model 

This model is realized by using the following functions: 



7,h 

= 4^ 

7 


7 + hi - h 2 

d 

7 + h 2 - hs 

d 

7 + hs - hi 


s, g_ 

^4 



_5 + 9i- 92_ 


5 + 92 — 93 _ 


_S + 93 - 9i_ 


(no dependence on G^)) and 




= Fi 

7 + h4 + hs, h 

Fi 

7 + h4 + hs + hh^, h 


G',S,l 


+ 94 + 95 , 9 _ 


_ h + h4 + h5 + g _ 


7 + hs, h 


7 + h4 + h 

+ h 5 ,h. 

^ 1 

+ h 4 + G^,9 _ 

7 + hs,h 

Fo 

7 + h4, h 


^ + h 5 ,h 


S + 94,9. 



(3.18) 


(3.19) 


Now h = (hi, h 2 , hs, h^, h^) = {h, h^, h^) and similarly for g. The shift in the (2, 2) lattice is 
asymmetric and along a single circle with projection (—)(™- 2 +n 2 )G ^ is symmetric in 

the (4,4) block: (—i = 1,..., 4. 

Again an alternative construction exists for it is given by 


4> 


V 


'iff, 7, h 

= — 

7 - H^' 

d 

Gf, 5,1 

^4 

5-&_ 



7 + hi - ^2 + 

^ + hi - ^2 + Gf 

'Hbhi-h2 




7 + h2 - ha 
^ + 92 — 93 




7 + hs - hi 
S + 93- 9i 


(3.20) 


In this case the (2,2) lattice sum is r 2 2 ^ ; the shift corresponds to the projection 

^ _ j +n2 (si -52) 

Finally, the computation of B 2 can be performed, and we obtain the same results as in 
the Ny = Nh = 8 model, summarized in Eqs. ( p.l3|) and (|3.15|) . 


c) The Ny = Nh = 2 heterotic model 
Here, we introduce the characters 


Fi 

7, h 


7 - hi - h2 - hs 

^1/2 

d + h 

^1/2 

7 + hs - hi 

^1/2 

7 + h2 - hs 


.5,9. 

^2 

.5 - 9i- 92 - 93. 


.5 + 93 . 


.5 + 93- 9i. 


.5 + 92 -93. 


(3.21) 


and 


7, h 

= 7 

7 

^1/2 

7 + hi - h2 

^1/2 

7 + hi 

^1/2 

7 + ^2 

. 5 , 9 . 

^2 



.5 + 91 - 92 . 


.5 + 91 . 


_5 + g 2 _ 


(3.22) 


Note that the product Fi 
the model at hand. 


7,^ 

Ag. 


7,/i 

1 - 5 , 5 . 


has the same modular properties as Fi 



7 ,h 

= 

7 

d 

7 + hi - h2 


.5, 9 . 

^2 

_5 


.5 + 9 i- 92 . 


-y,h 

.< 5 , 5 . 



. For 


(3.23) 
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(there is no dependence on (if^, G^) and h, g stand again for (hi,, h^), {gi,..., g^)), and 



1 1 

,'^■1 


Gf, S,l 

= A 

7 + h-i -|- ^5, h 
_5 + 5'4 + 5'5,5'. 

Fi 

'j F hi F F , h 
_S F gi F g 5 F G^, g _ 





XF 2 

1 1 

F 2 

1 1 









xFi 

7 + ^ 5 , ^ 
_^ + gb,g_ 

Fi 

'j F hi F , h 
_S F giF G^,g 






XF 2 

7 + ^ 5 , h 
_5 + gb,g_ 

F 2 

7 + ^ 4 , h 
_hF gi,g_ 




(3.24) 


The structure of now shows that G = t/(l)^ and therefore Ny = 2. The shifts in the 
(2, 2) and (4,4) lattices are the same as those in the Ny = 4 model. 

An alternative embedding of G^) is realized as follows: 


$ 


V 



= —'d 

7 + 


7 + ^1 

-h2F H^' 


9 

jjZ 

sfg\ 

_hF gi 

-g2F&_ 


(3.25) 


and 


$ 


V 


h, g 


<h 


H 


Gf, 6 ,g 


= 


xFo 


xFi 


xFo 


F hi F h^,h 
hF giF g5,g_ 

Fi 

7 +hi 
_6 F gi 

\l + H\h 


■7 + h 

_6 F G^, g 

-^2 

_6 F G^, g 

['jFh5,h 
+ g5,g_ 

Fi 

7 + ^4, h 
F gi,g_ 

7 + ^5, h 

^ hFg5,g 

F 2 

'j F hi,h 
hF gi,g 


(3.26) 


this also leads to Ny = Nh = 2. As for the Ny = 4 model dehned through (|3.19|) and 
(|3.2CI|) , it is necessary to perform a double shift in the (2,2) lattice with the projection 
^_^m 2 GGn 2 (si-s 2 )_ ^pg ^ 4 ^ 4 ^ lattice is identical to the one used together with the 

above dehned in (|3.23|) . 

Here also the second helicity supertrace is given in ( p.l3|) or (|3.15 ). 


3.3 Some general comments on the heterotic duals 

Our hrst observation is that all models with Ny = Nh dehned above have identical B 2 helicity 
supertrace, which is given either by (|3.13|) or by ( p.l5| ), depending on the embedding of the 


df) 


This universality follows from (i) the modular-transformation properties of T 


A 

2,2 


(ii) the condition Ny = Nh, and (iii) the spontaneous breaking of = 4 supersymmetry 
to = 2. These three requirements hx uniquely the functions O. We thus expect that this 
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universality of B 2 will remain valid for all Ny = models in which the U{iy gauge group 
is extended to a larger gauge group with the same rank. 

This can be checked explicitly in several examples, for instance the model with a gauge 
group 

a = SU{2)1^, (3.27) 

dehned with the choice {h = (hi, ^ 2 , hs) = h, and similarly for g) 


T-.C 

A 

1_ 

CO 

1 

A 

1_ 

E| 

1- 

A 

1_ 

y 9 _ 

i 

_yg_ 


_y 9 _ 


(3.28) 




= El 

7 + h 

Eo 

7 + h 


G^, 6,1 


6 + G^,9. 


_6 + G^,9_ 


(3.29) 


From this model one obtains the model Ny = 8 by switching on discrete Wilson lines, which 
break the SU{2)^=2 factors to eight f/(l)’s. Actually, when (^ 4 , is turned on in Eq. ( ^. 11 | ), 
we obtain the model Ny = 8 ; when it is turned off we obtain instead (|3.27|) . Switching on a 
non-zero {hi^gy) is equivalent to switching on a Wilson line dehned as Yj = {2pi + l)hii + 2qi, 
with (p/, qi) integers. Another model with r = 8 is the one constructed in |^, based on Eg 
at level two. In that case h dehnes discrete Wilson lines that break {Es)k =2 to SU{2)\^2- 

The connection of our previous construction to {Es)k =2 and SU{2)\^2 is useful and de- 
scribes well the action of Z 2 on the heterotic and type II duals. At the orbifold point of 
773 ~ the intersection matrix of is given by the following elements: 


Lij — 


(r 


(■>) 


yo) 


a 


a 


a 


ij 



(3.30) 


with 


(3.31) 


Ai being the Cartan matrix of SU{2). On type IIA, Z 2 has 8 positive and 8 negative 
eigenvalues in the submatrix (3.31|), and thus removes 8 of the 16 hxed points. 


On the heterotic side, Z^'^ interchanges the eight S'17(2)*^^i with the eight SU{2)^^\ This 

/r\ 

results in a level-two realization of S'f/(2)®. Furthermore, on type IIA, Z 2 has 2 positive and 
4 negative eigenvalues on the torus intersection matrix cx^ © cx^ © cx^; in our constructions, it 
rotates by vr two cx^ matrices (cx^ —>■ —(X^) and leaves invariant the third a^. On the heterotic 
side, Z^'^ acts as a tt rotation in coordinates and as a translation in ones. The 4 
additional negative eigenvalues required by modular invariance on the heterotic side can be 
embedded either in the gauge group (leading therefore to F^^^) or directly in the F 2 , 2 , where 
they produce an asymmetric shift (F^^^). 


In the models Ny = 4 and 2, also the actions of Z^ on heterotic side and on the 
intersection matrix of T'^/Z 2 correspond. On type IIA, the Z^ projection has 8 positive and 
8 negative eigenvalues on the 16 twist fields; it acts by exchanging eight Ai matrices with 
eight others. Four such exchanges are common also to Z 2 ■, and also four are the exchanges 
that are common to Z^ and Z^ . 
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On the heterotic side, the corresponding operations act as a lattice exchange on the 
517(2)^® gauge group and as a translation in the six-dimensional internal space. Since for 
each one of them the orbifold twist has 8 negative eigenvalues, modular invariance forces the 
shift to be symmetric. On the compact space, therefore, the action of the Z 2 projections 
is analogous to that of the i = 1,..., 5, which break the gauge group. When combined 
with the shift due to Z 2 , we therefore obtain the same two different embeddings of the shift 
in r 2,2 as for the Ny = 8 model. 


It is interesting to observe that the construction of Ref. 
separation of r 2 , 2 + 8 : 


10 


is based on a different 


r2,2+8(T,f/,F) 


r 


A=1 

1,1 


(R) 



■p-f- 


_Gf 

^1,1+8 



(3.32) 


where is a lattice invariant under the interchange of with j^_,_g induced by 

In this case, not only a rank 8 part but also one of the t/(l)’s of the compact space 
can be enhanced to SU{2)k=2- This separation, in which only one circle is singled out, is not 
useful for our purpose. The separation of a shifted r 2,2 lattice is necessary because we want 
to identify the perturbative heterotic moduli T, U with the moduli T^,T^ of type IIA. This 
has led us to the two heterotic constructions, based on and <I>^, where the part of the 
gauge group that comes from the separated two-torus is always realized at the level one. 

The two classes of Ny = Nh heterotic orbifolds, <I>'^ and correspond to different 
regions in the moduli space of the lattice T 2 , 2 +r (t, U,y'^. Here, we would like to argue that 

the perturbative constructions based on are the most suitable for comparison with the 
type IIA orbifolds presented in Section H. In fact, in models based on even though the 
Z 2 translation in the two-torus produces a spontaneous breaking of the A^ = 4 to A^ = 2 
supersymmetry, it does not reproduce the situation of the perturbative type IIA orbifold. On 
type IIA, the restoration of the A^ = 4 supersymmetry is achieved by taking only appropriate 
limits in the perturbative moduli: for the specihc lattice shifts we considered, the A^ = 4 
supersymmetry is restored when the moduli and are large, while in the opposite 
limit supersymmetry is broken to A^ = 2 as in a non-freely-acting orbifold. In the heterotic 
construction based on however, the A^ = 4 supersymmetry is always restored in any 
decompactihcation limit, because, for any choice of direction of the shift, a (A = l)-shifted 
lattice sum vanishes both for large and for small moduli. It is therefore impossible to hnd 
a translation that reproduces the perturbative properties of the type IIA duals. In this 
case the map between the heterotic moduli T and U and the type IIA moduli and is 
non-linear. On the other hand, in the constructions with 4)'^, the A^ = 4 supersymmetry is 
again spontaneously broken because of the translation on the T^. Here, however, the 
appropriate limit of A^ = 4 supersymmetry restoration is determined by the choice of the 
shifts in the T^^^ lattice since the term with T^"^^ becomes irrelevant: this kind of shifted 

lattice sum vanishes in any decompactihcation limit. For the particular Z 2 shift we have 
considered, (—)™' 2 G' ^ models based on 4)^, the mass of the two extra gravitinos is 



1 

4 Im T Im f/ 


(3.33) 
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The = 4 supersymmetry is restored only when R 2 = \/ Im T Im 17 is large, whereas for 
small values of the (T, U) moduli we recover a genuine N = 2 non-freely-acting orbifold. 
This is precisely the perturbative behaviour of the above type IIA dual orbifolds. 


Finally, we would like to comment on another important issue, namely on the appear¬ 
ance of extra massless states along submanifolds of the moduli space. In particular we are 
interested in “iV = 2 singularities” corresponding to enhancements where AA’y — ANh 7 ^ 0. 
Perturbatively, in the type IIA models of Section |^, there are no such singularities in the 
(T^,T^) plane (as we already pointed out, B 2 = i? 2 |massiess = Ny — Nh = 0). 


On the heterotic side, however, already at the perturbative level, the massless part of the 
helicity supertrace B 2 (T,U) jumps across several submanifolds of the moduli space (T,U). 
This is a straightforward consequence of the appearance of specific powers of q in the T^ 2 ^ ’s. 
A detailed analysis of the rational behaviours that appear in shifted lattice sums is given 
in [^. In the constructions based on there are lines where the gauge symmetry 

corresponding to the vectors originating from the two-torus is enhanced to SU{2) x f/(l), 
SU{2) X SU{2), or SU{3). Furthermore, along some lines, 16 or 22 extra hypermultiplets 
appear; most of these new hypermultiplets are charged under the gauge group of the two- 
torus. On the other hand, the only iV = 4 enhancements come from the rank-8 part of the 
gauge group, while the part of the gauge group that comes from the two-torus is always 
realized at the level one. The models based on have a similar behaviour, although, 
depending on the choice of shift vectors, some of the would-be N = 2 singularities occurring 
along several submanifolds of the (T, U) plane cancel between the A = 0 and A = 1 term. In 
fact, a careful analysis of the helicity supertrace B 2 (Eq. (|3.15|) ) shows that the N = 2 
singularities present in this class of models are SU{2) enhancements of one or both of the 
f/(l)’s of the torus and the appearance of new hypermultiplets, all charged under the gauge 
group of the two-torus. Also in these constructions, the part of the gauge group that comes 
from the two-torus is always realized at the level one. 


Despite the presence of the above N = 2 singularities, we expect that the heterotic 
amplitude corresponding to the coupling analysed in the type II dual models should not 
be sensitive to the perturbative enhancement of the massless spectrum. In the next section 
we will see how this heterotic amplitude can indeed be computed, by demanding regularity in 
the (T, U) space, making it therefore possible to establish the mapping between the heterotic 
and the type II moduli. 


4 Heterotic gravitational corrections and a test of duality 


Having the explicit expression of in terms of F 22 

developed in Refs. P 


Gt 




and using the techniques 
we can calculate, on the heterotic side, the 
perturbative gravitational and gauge corrections in terms of the moduli Tnet and Uuet of the 
(2, 2) lattice. These must be identical to the analogous corrections in type IIA given in terms 
of the type II moduli and (see Eqs. ( ^.181 ) and (|2.23| ) for the gravitational coupling). 

In order to compare the perturbative heterotic and type II results, it is necessary to look 
for an operator on the heterotic side that allows for the computation of the same physical 
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quantity as on the type II side. The usual gravitational operator is given by 


n 2 ^ q2p 
'^grav — 'V ^ 


grav ’ 


(4.1) 


—2 

where Q stands again for the left-helicity operator, and Pgrav) when inserted inside the 
one-loop vacuum amplitude, acts as on _ 2 ; namely, it acts on the contribution of 

—u=3 4 

the two right-moving transverse space-time coordinates X ' , including their zero-modes. 
This latter fact is responsible for the appearance of a non-holomorphic gravity-backreaction 
contribution, which ensures modular covariance but has no type II counterpart. Indeed, the 
one-loop amplitude of the above operator is |g^, 0,1^, g 


Tgrav — \Q 


\ 

genus-one 


■— (e2 
12 V 


TT Imr 


B 2 


(4.2) 


where, in the class of models under consideration, B 2 is given in Eq. (|3.15|) (or ( |3.13| ) in 
models constructed with $^). The massless contribution to Egrav is precisely the gravita¬ 
tional anomaly, fegrav = which in all heterotic models at hand equals 2 (i? 21 massless 

vanishes), at generic points of the (T, U) moduli space. 

The operator Qg^av is not suitable for comparison with the type II result (i) because of 
the non-holomorphic term it generates; (ii) because its amplitude is sensitive to the N = 2 
singularities occurring in the (T, U) plane: the gravitational anomaly jumps along several 
rational lines where Ny — Nh is no longer zero. We must therefore replace Qg^av with an 

appropriate operator Qg^av = Pgrav s’^ch that (i) Pgrav is essentially a universal combina- 
tion of Pgrav nnd some appropriate Cartan generators of the gauge group; (ii) the massless 
contribution of the corresponding amplitude should remain the gravitational anomaly, and 
(hi) this amplitude should be regular everywhere in (T, U), at least in the models constructed 
with 4)^ . 

To this purpose, we introduce the following combinations of gravitational and gauge 
operators (we only display their right-moving factor): 


d = 

12 Pgrav + -^2,2 ! 

n - 

12Pgrav + -^2,2 + 


- P 

Nv 


(4.3) 

(4.4) 


^2 


After insertion into the one-loop heterotic vacuum amplitude, P 22 ^^ts as on the 

modular-covariant factor of weight zero Im r T 


2,2 


. This amounts to inserting the sum of 
the two right-moving lattice momenta pf p^ of T^, which correspond to the Cartan of the 

therefore generates the corresponding gauge-coupling 


f/(l) factor. The amplitude (Q^P^ 


2,2 


®In general the heterotic one-loop amplitude of an operator of the form P reads: 

(q^p") 

\ / Q 


= B 


2 , 


genus —one 


^2 


where, in the l.h.s., P acts as a differential operator on some specific factor of i?2. 
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correction. To be more precise, we must in fact consider the integral 

( 7 (r, f) is an appropriate modular-invariant infrared-regularizing function |^). An integra¬ 
tion by parts can be performed which leads to vanishing boundary terms all over the (T, U) 
plane, irrespectively of the specihc behaviour of the lattice sums across rational lines. This 
allows us to recast the above amplitude as: 


PI2 ft (i'') 


A=0,1 



V 




27ii df 
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\Hn 

Gh 

27rlmr 

^24 


(4.5) 


(in models constructed with only a A = 1 term appears). The differential operator inside 

has modular weight — 2 , but non-holomorphic as 


the brackets is covariant since 12 
^2 


(A) 


in the case of P, 


grav 


Finally, T’g ^ acts as on the (r-covariantized) charge lattice of the remaining right- 


gauge 


moving gauge group Gr of rank r, namely on $ (or $ ). It is modular- 

covariant since the <F'^’s are of weight zero, and contains a non-holomorphic 1 /Imr term. 
Notice that in the models. 


Nv 


P. 


gauge 


= T.ph 


(4.6) 


7=1 


where Pj are the U{1) zero-modes. After some straightforward algebra we obtain: 
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where we have introduced the modular-covariant functions 
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= -a.log^i 42 i= (h,( 7 ) = (l,0) 
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of weight 2. Similarly, for the models based on 'F'f, 
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where x g is niodular-covariant form of weight zero: 
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= (-l) 
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Here, we would like to pause and analyse several properties of the various operators Pa 
introduced so far (Pgrav, -Pi, -P 2 , -P 2 , 2 , -Pgauge, Pi)- The beta-function coefficients of such 
operators are the constant term in the large- Im r expansion of the corresponding genus-one 
amplitude: 

p\B2 = hA + - E (4T1) 

Let us concentrate on the constructions relevant to our duality purposes, namely those 
based on At generic points in the (T, U) plane, b {P 2 , 2 ) vanishes, and therefore b (Pi) = 
12 6 grav = 24. When a line of enhanced massless spectrum is approached, the beta-function 
coefficients b (P 2 , 2 ) and 6 grav jump in the opposite way: Ab (P 2 , 2 ) = —12 Afcgrav This implies 
that the combination ( [4.31) is smooth along the entire (T, U) moduli space and we have 
b (Pi) = 24 everywhere. On the other hand, in the models under consideration, b (Pgauge) 
is the diagonal sum of higher-level gauge beta-functions, and thus vanishes without any 
discontinuity. As a consequence, b (P 2 ) = 12 fegrav = 24 in the whole (T, U) plane. 

—2 —2 

Both operators P^ and P 2 lead to the insertion of a covariant derivative that contains a 
non-holomorphic 1/ Imr term. There is a unique linear combination of these, which is purely 
holomorphic and whose beta-function coefficient is = b (Pgrav) = ^grav = 2 everywhere 
in the (T, U) plane. This operator is 
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/2 

grav 


-V 
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24^2 


= P 


grav 


+ —P^ 
12 


+ 3iVi 


V 


gauge 


(4.12) 


and satishes all the requirements we have demanded at the beginning of the section. It 
dehnes the modihed gravitational operator for which the one-loop amplitude (^Qgrav) reads: 
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In the above expression, the contribution of the A = 1 part vanishes identically, while the 


action of the new holomorphic covariant derivative on 
fact is a direct consequence of the identity 


o(o) 


gives a constant. This 


We therefore obtain: 
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32 (-1) 
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(4.15) 
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Finally, the perturbative heterotic gravitational corrections of the models constructed with 
are 


\Nv=Nh 

^Het 


r d^r 
/jr Imr 






(4.16) 


For the specihc case in which the shift in F 2,2 is due to a translation of momenta, 

we get: 


= -2 log ImT |'d 4 (T)l^ - 2 log ImG |^94 {U)f + const. (4.17) 


The heterotic models under consideration, based on were advertised to be dual to 

the type II ground states presented in Section |^. It is therefore important to observe that 

on the type II side, the replacement of Qgrav by Qgrav does not modify the perturbative 

results, Eq. (p.l8|). Indeed, owing to the absence of perturbative Ramond-Ramond charges, 

_ 2 _ 2 

the contribution of the duals of Pg 2 ^^d Pgauge is always zero, and the one-loop amplitude 

Qgrav)jj- compare the perturbative gravitational 


therefore reduces to 

^ grav j jj 

corrections in the heterotic and type II dual orbifolds. On type II, the full result is computed 
at one loop and given by ( p.l8|) . Since in the large-moduli limit a linear term comes only 
from the held (see Eq. (|2.23|) ), this modulus has to be identihed with the heterotic 
dilaton: the heterotic coupling receives in fact a tree-level contribution, linear in the dilaton 


expectation value. Including the one-loop computation (|4.17|) , we obtain: 


16 TT^ 


9i„v (/<<«'•>) 


= WTrUmS- 21og 11117194(7)1"* - 2 log Imf/|94 ((7)|‘ 


(4.18) 


where S is the heterotic axion-dilaton held and 


ImS" = 


S'Het 


(4.19) 


In (^4.181) we used the string scale 


string. 


/—— and the infrared cut-oh of the heterotic 

V“Het 


In order to match the heterotic and type II results ( 1^.28| ) and ( [4.181) in the heterotic 
weak coupling limit, ImS' —cx), it is necessary to identify with Idr^/A^y ^ This map 
and its normalization are consistent with the interpretation of the type II vacuum as an 
orbifold limit of a K3 hbration. In the Ny = 8 case the base of the hbration is IZ 2 = P^, 
with, as volume form, half of that of the torus T^; the heterotic dilaton then corresponds to 
the volume form of the base of the hbration, ts = T^/2. In the case of Ny = 4, the base 
of the hbration is instead where Z 2 acts on the sphere P^ as a half-circumference 

translation, and ts = T^/4. Finally, when Ny = 2 the base of the hbration is P^/(Z^ x Z 2 ) 
and Ts = T^/8. 

®We use the notation Tg = IttS*. 
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Comparison of Eqs. ( p.l8| ) and ( 4.18 ) is even more suggestive. By identifying T with 
and U with T^, the perturbative corrections on the heterotic side as a function of T and 
U are identical to the corrections on the type II side as a function of and T^. These 
identideations allow us to promote the large- Im S heterotic corrections obtained so far to 
hnite values of ImS*. The type II result (p.l8|) therefore provides the full, perturbative 
and non-perturbative, correction. The sub-leading logarithmic dilaton dependence and the 
infrared running are obtained from the expressions (|2.18|) , (p.23|) by substituting the type 
IIA string mass and cut-off with the duality-invariant Planck mass Mpianck and 

the physical cut-off /i. By using the relations 


M(ii) Ml 


Planck 




(ii) 




(Het) 




(4.20) 


we can express the full dilaton dependence and infrared running of the effective coupling 
constant 16 for the various models, as: 
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(4.21) 


where by B 4 — B 2 we actually mean the constant, massless contribution at a generic point 
in moduli space: the coefficients of the two terms in the second line are given in Eq. ( p.24| ). 
By expanding the above expression as 


47r Im — (2 + log Im-|- 2 Re ^ 


rih e 


^i2k7TTS 


and comparing it with the corresponding expression valid for the iV = 4 heterotic string 
compactihed on T® ( 2Relog|r7(rs)|) Bi, we can see that the instanton numbers k are 
restricted to integers which are respectively multiples of 2 {Ny = 8 and Ny = 4) and 4 
(Nv = 2) Q 

The case of heterotic models based on deserves several remarks. The one-loop am¬ 
plitude of the modihed gravitational operator Qg^av reads: 


^2 (4’')=2 


Ed? 






X 



(4.22) 


Expression (|4.22|) can still be integrated to give the thresholds (see for details on 
such integrals). However, the heterotic result in this case does not match the perturbative 
gravitational thresholds of the type II models. In particular, we observe N = 2 singularities 
along lines where 7 ^ 0 , since A 6 (P 2 , 2 ) 7 ^ — 12 A 6 grav 0 , while &(Pgauge) remains zero 

everywhere in the (T, U) plane. This means that in the case at hand the relation between 


’^This feature was already observed for the Ny = 8 model, in Q. 

®This is due to the appearance of hypermultiplets uncharged under the gauge group. 
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the type IIA and heterotic perturbative moduli is not simply = T, = U. The same 
conclusion was drawn when analysing the restoration of = 4 supersymmetry with respect 
to the various decompactihcation limits. 


The difference between the two classes of models constructed in Section 3 lies in the 
choice of the discrete Wilson lines. The models that are based on are the duals of the 
type IIA constructions of Section 2, with the identihcations ts = T = T^, U = T^. 

The models based on 4)^ correspond instead to a choice of discrete Wilson lines that do 
not correspond to the type II constructions presented in Section 2. In Ref. [^, assuming 
the heterotic/type II duality, the authors made a proposal for the full non-perturbative 
gravitational corrections in the Ny = 8 model, as a function of all the vector-multiplet 
moduli: Agrav('r5, T, U,Yi,..., Ig)- This proposal is based on the uniqueness properties of 
the automorphic forms of the Calabi-Yau threefold with = 11. In order to test 

this through a comparison of heterotic and type IIA strings, special values of the Wilson lines 
Y must be chosen; this necessarily leads to the explicit constructions we have considered, 
which allow a test of the heterotic/type II duality conjecture. 


5 Comments 


In this work we explicitly constructed heterotic and type II dual pairs; we verihed the duality 
conjecture not only for a model with Ny = 8, but also for models with Ny = 4 and 2. A 
relevant choice of Wilson lines Y on the heterotic side dehnes the constructions. The 
heterotic/type II duality is not verihed for the gravitational corrections, but for a modihed 
gravitational and gauge combination associated to the operator Qg^av introduced in Sec¬ 
tion 4. This operator has the property that it is regular, without singularities in the entire 
(T, U) moduli space. We found that the type II corrections T^, T^) provide the 

complete, perturbative and non-perturbative heterotic corrections. This remarkable property 
is due to the universality of the N = 2 sector on heterotic side and of the corresponding 
N = (2, 2) sectors on type II. Indeed, the heterotic N = 2 sector is universal and independent 
of the particular choice of Wilson lines Y: it is the same for all the Ny = N^ models with 
a separation of the r 2 2 Qf lattice as in the models. 

The heterotic instanton corrections are due to the Euclidean hve-brane wrapped 

on the six-dimensional internal space; they depend only on ts and not on the other moduli. 
The explicit expressions for these corrections are given in Eq. (|4.21|) . The permitted integers 
k depend on Ny and the multiplicity coefficients Uk are fully determined from type IIA. The 
Olive-Montonen duality group is a subgroup of SL{2, Z)rg, which depends on Ny: it is r(2) 
when Ny = 8, r(8) when Ny = 4, and r(16) when Ny = 2. 
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